WEYL'S LAW IN THE THEORY OF AUTOMORPHIC FORMS 



WERNER MULLER 



Abstract. For a compact Riemannian manifold, Weyl's law describes the asymptotic 
behavior of the counting function of the eigenvalues of the associated Laplace operator. 
In this paper we discuss Weyl's law in the context of automorphic forms. The underlying 
manifolds are locally symmetric spaces of finite volume. In the non-compact case Weyl's 
law is closely related to the problem of existence of cusp forms. 



1. Introduction 

Let M be a smooth, compact Riemannian manifold of dimension n with smooth boundary 
DM (which may be empty). Let 

A = — div o grad = d*d 

be the Laplace-Beltrami operator associated with the metric g of M. We consider the 
Dirichlet eigenvalue problem 

(LI) A0 = A0, 0|g,,, = O. 

As is well known, (11. ip has a discrete set of solutions 

< Ao < Ai < > oo 

whose only accumulation point is at infinity and each eigenvalue occurs with finite mul- 
tiplicity. The corresponding eigenf unctions (pi can be chosen such that {0j}ieNo is an 
orthonormal basis of L'^{M). A fundamental problem in analysis on manifolds is to study 
the distribution of the eigenvalues of A and their relation to the geometric and topological 
structure of the underlying manifold. One of the first results in this context is Weyl's law 
for the asymptotic behavior of the eigenvalue counting function. For A > let 



A^(A) = #{j: v^<A} 



be the counting function of the eigenvalues of vA, where eigenvalues are counted with 
multiplicities. Denote by T{s) the Gamma function. Then the Weyl law states 

(L2) N(X) = '^SliMl ^A" + o(A"), A^oo. 
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This was first proved by Weyl |Welj for a bounded domain C M'^. Written in a slightly 
different form it is known in physics as the Rayleigh- Jeans law. Raleigh |Raj derived it 
for a cube. Garding jGa] proved Weyl's law for a general elliptic operator on a domain in 
M". For a closed Riemannian manifold f 1 1.2 1) was proved by Minakshisundaram and Pleijel 
pP] . 

Formula (11.21) does not say very much about the finer structure of the eigenvalue distri- 
bution. The basic question is the estimation of the remainder term 

^ ' ^ ' (47r)"/2r (f + 1) 

That this is a deep problem shows the following example. Consider the fiat 2-dimensional 
torus T = M^/(2'7rZ)^. Then the eigenvalues of the fiat Laplacian are Xm,n '■= '"^^ + 
m,n & Z and the counting function equals 

N{X) = #{(m,n) G Z^: Vm^ + < A}. 

Thus A^(A) is the number of lattice points in the circle of radius A. An elementary packing 
argument, attributed to Gauss, gives 

Ar(A) = 7rA2 + 0(A), 

and the circle problem is to find the best exponent /i such that 

N{\) = vrA^ + Oe (A'^+") , V£ > 0. 

The conjecture of Hardy is fi = 1/2. The first nontrivial result is due to Sierpinski who 
showed that one can take /i = 2/3. Currently the best known result is /i = 131/208 ~ 0.629 
which is due to Huxley. Levitan jLej has shown that for a domain in M" the remainder 
term is of order 0(A"^^). 

For a closed Riemannian manifold, Avakumovic |Av] proved the Weyl estimate with 
optimal remainder term: 

(1.3) N(X) = —-^^^^ ^A" + 0(A"-^), X^oo. 

This result was extended to more general, and higher order operators by Hormander [Ho] . 
As shown by Avakumovic the bound 0(A"~^) of the remainder term is optimal for the 
sphere. On the other hand, under certain assumption on the geodesic fiow, the estimate 
can be slightly improved. Let S*M be the unit cotangent bundle and let $f be the geodesic 
fiow. Suppose that the set of (x, ^) G S*M such that has a contact of infinite order 
with the identity at (x,^) for some t ^ 0, has measure zero in S*M. Then Duistermaat 
and Guillemin |DGj proved that the remainder term satisfies -R(A) = o(A"~^). This is a 
slight improvement over (11.31) . 

In |We3] Weyl formulated a conjecture which claims the existence of a second term in 
the asymptotic expansion for a bounded domain C M^, namely he predicted that 

NiX) = '-^X'-'-^X^ + oiX^). 
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This was proved for manifolds with boundary under a certain condition on the periodic 
bilhard trajectories, by Ivrii [Ivj and Mehose |Mej . 

The purpose of this paper is to discuss Weyl's law in the context of locally symmetric 
spaces r\S' of finite volume and non-compact type. Here S = G/K is a, Riemannian 
symmetric space, where G is a real semi-simple Lie group of non-compact type, and K a 
maximal compact subgroup of G. Moreover F is a lattice in G, i.e., a discrete subgroup 
of finite covolume. Of particular interest are arithmetic subgroups such as the principal 
congruence subgroup r(A^) of SL(2,Z) of level G N. Spectral theory of the Laplacian 
on arithmetic quotients T\S is intimately related with the theory of automorphic forms. 
In fact, for a symmetric space S it is more natural and important to consider not only 
the Laplacian, but the whole algebra 'D{S) of G-invariant differential operators on S. 
It is known that T>{S) is a finitely generated commutative algebra |He] . Therefore, it 
makes sense to study the joint spectral decomposition of T>{S). Square integrable joint 
eigenfunctions of T>{S) are examples of automorphic forms. Among them are the cusp 
forms which satisfy additional decay conditions. Cusps forms are the building blocks of 
the theory of automorphic forms and, according to deep and far-reaching conjectures of 
Langlands |La2j . are expected to provide important relations between harmonic analysis 
and number theory. 

Let G = NAK be the Iwasawa decomposition of G and let a be the Lie algebra of A. If 
V\S is compact, the spectrum of T>{S) in L'^{T\S) is a discrete subset of the complexifica- 
tion of a*. It has been studied by Duistermaat, Kolk, and Varadarajan in |DKVj . The 
method is based on the Selberg trace formula. The results are more refined statements 
about the distribution of the spectrum than just the Weyl law. For example, one gets 
estimations for the distribution of the tempered and the complementary spectrum. We 
will review briefly these results in section 2. 

If T\S is non-compact, which is the case for many important arithmetic groups, the 
Laplacian has a large continuous spectrum which can be described in terms of Eisenstein 
series |Lalj . Therefore, it is not obvious that the Laplacian has any eigenvalue A > 0, and 
an important problem in the theory of automorphic forms is the existence and construction 
of cusp forms for a given lattice F. This is were the Weyl law comes into play. Let EI be 
the upper half-plane. Recall that SL(2,R) acts on H by fractional linear transformations. 
Using his trace formula |Se2] . Selberg established the following version of Weyl's law for 
an arbitrary lattice F in SL(2,]R) 

(L4) iVr(A) + Mr(A)~^^^^^^^A2, A ^ oo 

An 

|Se2l p. 668]. Here A^r(A) is the counting function of the eigenvalues and Mr (A) is the 
winding number of the determinant 0(1/2 + ir) of the scattering matrix which is given by 
the constant Fourier coefficients of the Eisenstein series (see section 4). In general, the two 
functions on the left can not be estimated separately. However, for congruence groups like 
F(A^), the meromorphic function 0(s) can be expressed in terms of well-known functions 
of analytic number theory. In this case, it is possible to show that the growth of Mr (A) 
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is of lower order which imphes Weyl's law for the counting function of the eigenvalues 
[Se2[ p. 668]. Especially it follows that Maass cusp forms exist in abundance for congruence 
groups. On the other hand, there are indications |PS1] . |PS2 ] that the existence of many 
cusp forms may be restricted to arithmetic groups. This will be discussed in detail in 
section 4. 

In section 5 we discuss the general case of a non-compact arithmetic quotient r\S. There 
has been some recent progress with the spectral problems discussed above. Lindenstrauss 
and Venkatesh [LVj established Weyl's law without remainder term for congruence sub- 
groups of a split adjoint semi-simple group G. In |Mu3j this had been proved for congruence 
subgroups of SL(?T,) and for the Bochner-Laplace operator acting in sections of a locally 
homogeneous vector bundle over Sn = SL(n, R)/ SO(n). For congruence subgroups of 
G = SL(n), an estimation of the remainder term in Weyl's law has been established by E. 
Lapid and the author in [LMj . Using the approach of |DKV] combined with the Arthur 
trace formula, the results of [DKVj have been extended in |LMj to the cuspidal spectrum 



In this section we review Hormanders method of the derivation of Weyl's law with re- 
mainder term for the Laplacian A of a closed Riemannian manifold M of dimension n. 
Then we will discuss the results of |DKV] concerning spectral asymptotics for compact 
locally symmetric manifolds. 

The method of Hormander |Hoj to estimate the remainder term is based on the study of 
the kernel of e-**^. The main point is the construction of a good approximate fundamental 
solution to the wave equation by means of the theory of Fourier integral operators and the 
analysis of the singularities of its trace 



which is well-defined as a distribution. The analysis of Hormander of the "big" singularity 
of Tre"**^ at t = leads to the following key result [DGl (2.16)]. Let := ^/A~, 
j G N. There exist cj G M, j = 0, ...,n — 1, and e > such that for every h G S{R) with 



2. Compact locally symmetric spaces 



j 



supp h C [—6, e] and h = 1 in a neighborhood of one has 



n-l 



(2.1) 




oo 



and rapidly decreasing as /j 



— oo. The constants are of the form 
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where the u^s are real valued smooth densities on M canonically associated to the Rie- 
mannian metric of M. Especially 



co = vo\{S*M), ci = (l-n)/ sub A 

Js*M 



where S*M is the unit co-tangent bundle, and sub A denotes the subprincipal symbol of 
A. Consideration of the top term in (12.11) leads to the basic estimates for the eigenvalues. 

If M = r\G/K is a locally symmetric manifold, the Selberg trace formula can be used 
to replace ( 12. ip by an exact formula |DKV] . Actually, if the rank of M is bigger than 
1, the spectrum is multidimensional. Then the Selberg trace formula gives more refined 
information. 

As example, we consider a compact hyperbolic surface M = T\M., where F C PSL(2,]R) 
is a discrete, torsion-free, co-compact subgroup. Let A be the hyperbolic Laplace operator 
which is given by 

(2-2) ^ = Vh^ + 7r:. , z = x + zy. 



Write the eigenvalues A, of A as 



where Vj G C and arg(rj) G {0, 7r/2}. Let h be an analytic function in a strip | Im(z)| < 
^ + 5, 5 > 0, such that 

(2.3) h{z) = h{-z), \h{z)\ < C(l + \z\)-^-'. 
Let 

g(u) = — [ h(r)e'''''dr. 

Given 7 G F denote by {7}r its F-conjugacy class. Since F is co-compact, each 7 7^ e is 
hyperbolic. Each hyperbolic element 7 is the power of a primitive hyperbolic element 70. 
A hyperbolic conjugacy class determines a closed geodesic of F\H[. Let ^(7) denote the 
length of T^. Then the Selberg trace formula |Selj is the following identity: 

(2.4) f^Mr,) = f /.(,). tanh(vrr) rfr + ^^^t .^ aiKl)). 
U ^« l,t5.2sinh(M) 

Now let g G C^(]R) and h{z) = Jj^g{f')e~'^^^ dr. Then h is entire and rapidly decreasing in 
each strip | Im(^;)| < c, c > 0. Let t G M and set 

ht{z) = hit - z) + hit + z). 
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Then ht is entire and satisfies (12. 3p . Note that ht{r) = e g{r) + e^^^ g{~r) . We symmetrize 
the spectrum by r_j := — r^, j G N. Then by (12.41) we get 



(2.5) 



^ , , , Area(r\H) f ^ , , w n , 
y h{t — Vj) = J n[t — r)rta,nh{7Trj ar 



{7}r^e2smh(^^j 



Let e > be such that /(7) > e for all hyperbolic conjugacy classes {7}r- The following 
lemma is an immediate consequence of (12. 5p . 

Lemma 2.1. Let g G C^(M) such that snpp g C {—e,e). Let h{z) = jT^g{r)e~"'^ dr. Then 
for alltEM. we have 

(2.6) ^ h{t - rj) = j m _ r)r tanh(7rr) dr. 



j=-oo 



Changing variables in the integral on the right and using that 
tanh(7r(r + t)) = l- , , = -1 



I _|_ g-27r(r+t) ]_ _|_ g27r(r+<) ' 

we obtain the following asymptotic expansion 

(2.7) h{t - rj) = ^^^^(^\^) f\t\ I h^r) dr - signt / h{r)r dr] + O (e-^^l*!) , 

as |i| CX3. If /i is even, the second term vanishes and the asymptotic expansion is related 
to (12.11) . The asymptotic expansion (12.71) can be used to derive estimates for the number 
of eigenvalues near a given point yU G M. 

Lemma 2.2. For every a > there exists C > such that 

|r,-^|<a}<C(l + |/i|) 

for all jj, eR. 

Proof. We proceed as in the proof of Lemma 2.3 in |DG] . As shown in the proof, there 
exists h G iS(M) such that h > 0, h > on [—a, a], h{0) = 1, and supp h is contained in any 
prescribed neighborhood of 0. Now observe that there are only finitely many eigenvalues 
Xj = 1/4 + r| with rj ^ R. Therefore it suffices to consider rj G M. Let /i G M. By ( 1^7]) 
we get 

#{j ■ \rj- fi\< a, Tj G M} ■ min{/i(u) : |m| < a} < ^ h{ii - rj) < C(l + 

□ 

This lemma is the basis of the following auxiliary results. 
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Lemma 2.3. For every h as above there exists C > such that 

-X 



(2-8) E 
for all X > 1. 



-[-\,X] 



h{t — Tj) dt 



< 



ex. j: f 



h{t — Vj) dt 



< c\, 



Proof. Since h is rapidly decreasing, there exists C > such that \h{t)\ < C(l + \t\) ^, 
t G M. Let [A] be the largest integer < A. Then we get 



E 

l'-.l<A 



h{t — Tj) dt 



< 



fxi 1 



r,)3 



[A]-l ^ [A]-l 

5^ ^ (l + A-r,)3 - 5Z 

=-[Al fe<r,<A:+l ^ ■'^ fc=-fAl 



|r,-fc| < 1} 
(A - kf 



k=-[X] k<rj<k+l ^ k=-[X] 

and by Lemma [2.21 the right hand side is bounded by CA for A > 1. Similarly we get 

-A 



E 



h(t — Tj) dt 



< C2X. 



The second series can be treated in the same way. 

Lemma 2.4. Let h be as in Lemma \2. 1\ and such that h{0) = 1. Then 



/A °o 
E "(* 
"A ■ 



(2.9) 

as A —> 00. 



rj) dt 



j=-co 



□ 



Proof. To prove the lemma, we integrate (12.61) and determine the asymptotic behavior of 
the integral on the right. Let p{r) be a continuous function on M such that \p{r)\ < C(l+|r|) 
and p{r) = p{—r). Changing the order of integration and using that h(t — r) dt = h{0) = 
1, we get 

h(t — r)p{r) dr dt = / p{r) dr — I / h{t — r) dt\ p{r) dr 



+ 



X \JR-[-X,X] 

h{t — r) dt] p[r) dr. 



5-[-A,A] \J -X 

Let Ci > be such that \h{r)\ < Ci(l + |r|)^^, r G M. Then the the second and the third 
integral can be estimated by C(l + A). Thus we get 

/A f pX 
h{t - r)p{r) dr dt = p{r)dr + 0{X), X ^ 00. 
-A J-X 
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If we apply fl2.10p to p{r) = rtanh(7rr), we obtain 

(2.11) [ [ h{t-r)rtanh{7tr) drdt = + 0{\). 

This proves the lemma. □ 

We are now ready to prove Weyl's law. We choose h such that h has sufficiently small 
support and h{0) = 1. Then 



/A ^ p f 

^ h{t-rj)dt= ^ / h{t-rj)dt- ^ / h{t - rj) dt 

+ ^ y h{t- rj) dt. 



\rj\>X 

Using that h(t — r) dt = h{0) = 1, we get 



^(A) = [ V /i(t - rj) rft + V [ h{t-rj)c 
J-x ■ ^^^^^Jr-[-x,x] 

.X 

^ J Ht- rj) dt. 



\rj\>X- 



By Lemmas 12.31 and 12.41 we obtain 



Area(r\e) 2 



(2.12) Nr{X) = ^^A^ + 0(A). 

We turn now to an arbitrary Riemannian symmetric space S = G/K of non-compact type 
and we review the main results of |DKVj . The group of motions G of is a semi-simple 
Lie group of non-compact type with finite center and i^' is a maximal compact subgroup 
of G. The Laplacian A of S* is a G-invariant differential operator on 5*, i.e., A commutes 
with the left translations Lg, g E G. Besides of A we need to consider the ring T'(5') of 
all invariant differential operators on S. It is well-known that 'D{S) is commutative and 
finitely generated. Its structure can be described as follows. Let G = NAK be the Iwasawa 
decomposition of G, W the Weyl group of (G, A) and a be the Lie algebra of A. Let S'(ac) 
be the symmetric algebra of the complexification ac = ® C of a and let S'(ac)^ be the 
subspace of Weyl group invariants in S{ac). Then by a theorem of Harish-Chandra jHel 
Ch. X, Theorem 6.15] there is a canonical isomorphism 

(2.13) /i: P(5) ^5(ac)^. 

This shows that 'D{S) is commutative. The minimal number of generators equals the rank 
of S which is dim a [Hel Ch.X, §6.3]. Let A G a*^. Then by (12.131) . A determines an character 

Xx:V{S)^C 
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and xa = X\' if and only if A and A' are in the same H^-orbit. Since S{a<c) is integral over 
5'(ac)^ |He, Ch. X, Lemma 6.9], each character of T>[S) is of the form x\ for some A G a^. 
Thus the characters of Ti{S) are parametrized by a*^/W . 

Let r C G be a discrete, torsion-free, co-compact subgroup of G. Then V acts properly 
discontinuously on S without fixed points and the quotient M = r\S is a locally symmetric 
manifold which is equipped with the metric induced from the invariant metric of S. Then 
each D G T>{S) descends to a differential operator 

D: c°^{r\s) ^ c°°(r\s). 

Let S C C°°{r\S) be an eigenspace of the Laplace operator. Then £^ is a finite-dimensional 
vector space which is invariant under D G 1^(5'). For each D G the formal adjoint 

D* of D also belongs to T>{S). Thus we get a representation 

p: V{S) ->End(^) 

by commuting normal operators. Therefore, S decomposes into the direct sum of joint 
eigenspaces oiV{S). Given A G a}^/W, let 

^(A) = We C^iT\S): Dip = xxiD)ip, D G 

Let m(A) = dim£^(A). Then the spectrum A(r) of r\S is defined to be 

A(r) = {A G ayW: m(A) > 0}, 

and we get an orthogonal direct sum decomposition 

L'{T\S) = ^(A). 
AeA(r) 

If we pick a fundamental domain for W, we may regard A(r) as a subset of a^. If 
rank(S') > 1, then A(r) is multidimensional. Again the distribution of A(r) is studied 
using the Selberg trace formula |Sel] . To describe it we need to introduce some notation. 
Let {G / / K) be the subspace of all / G C^iG) which are i^'-bi-invariant. Let 

A: C'^{G//K)^C'^{Af 

be the Abel transform which is defined by 

A{f){a) = 5(a)^/2 [ f{an) dn, a E A, 

where S is the modulus function of the minimal parabolic subgroup P = NA. Given 
h G C^{A)^, let 

h{X) = [ /i(a)e<^'^(")> da. 

J A 
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Let l3{iX), A G a*, be the Plancherel density. Then the Selberg trace formula is the following 
identity 



(2.14) ^^^^^^ 



^ m(A)MA) =^^^^2\^ / HX)m) dX 



+ ^ vol(r^\G^) / A'^{h){x^^'jx) d-yX. 



This is still not the final form of the Selberg trace formula. The distributions 

(2.15) J^(/) = vol(r^\G^) / /(x-Sx) dyx, f e C^{G), 

Jg-,\g 

are invariant distribution an G and can be computed using Harish-Chandra's Fourier in- 
version formula. This brings fl2.14p into a form which is similar to (12. 4p . For the present 
purpose, however, it suffices to work with f l2.14p . Since for 7 7^ e, the conjugacy class of 
7 in G is closed and does not intersect K, there exists an open neighborhood of 1 in 
A satisfying V = V is invariant under W, and Jy{A~^{h)) = for all h G C^{V) 

[DKVt Propostion 3.8]. Thus we get 

(2.16) ^(A)MA) = ^""^l^^^ I MA)/5(«A) dX 

A6A(r) ' ' '^°* 

for all h G C^iV). One can now proceed as in the case of the upper half-plane. The 
basic step is again to estimate the number of A G A(r) lying in a ball of radius r around a 
variable point G ia* . This can be achieved by inserting appropriate test functions h into 
fl2:T6|) [PKVl section 7]. Let 

Aten.p(r) = A(r) n ia\ Aeomp(r) = A(r) \ Ate.„p(r) 

be the tempered and complementary spectrum, respectively. Given an open bounded 
subset VL of a* and t > 0, let 

(2.17) tn := {tii: /i G VL}. 

One of the main results of [DKV] is the following asymptotic formula for the distribution 
of the tempered spectrum [DKVl Theorem 8.8] 



2.18) "^(^) = / ^^^^) + ^(^""')' 



00, 



AeAtcmp(r)n(jtn) 



Note that the leading term is of order 0(t"). The growth of the complementary spectrum 
is of lower order. Let -Bt(O) C be the ball of radius t > around 0. There exists C > 
such that for alH > 1 



(2.19) Y "^(^) ^ 

AeAcomp(r)nBi(o) 



n-2 



WEYL LAW 



11 



|DKV[ Theorem 8.3]. The estimations (12.181) and (I2.19P contain more information about 
the distribution of A(r) then just the Weyl law. Indeed, the eigenvalue of A corresponding 
to A G Atomp(r) equals || A |p + || p ||^. So if we choose Q in (12.181) to be the unit ball, 
then (Km together with (12391) reduces to Weyl's law for r\S. 

We note that (12.181) and (I2.19P can also be rephrased in terms of representation theory. 
Let R be the right regular representation of G in L'^{r\G) defined by 

{R{9i)f){92) = f{929i), f e L\T\G), g,,g2 G G. 

Let G be the unitary dual of G, i.e., the set of equivalence classes of irreducible unitary 
representations of G. Since r\G is compact, it is well known that R decomposes into direct 
sum of irreducible unitary representations of G. Given vr G G, let m(7r) be the multiplicity 
with which tt occurs in R. Let ?i,r denote the Hilbert space in which vr acts. Then 

L\V\G) = ^m{\)n^. 

ireG 

Now observe that L^(r\S') = L'^(T\G)^ . Let Ti^ denote the subspace of i^T-fixed vectors 
in T-Ct^. Then 

L\r\s) = ^m{x)n^. 

tt£G 

Note that dimT^f < 1. Let G(l) C G be the subset of all vr with ^ {0}. This is the 
spherical dual. Given vr G G, let Att be the infinitesimal character of vr. If vr G G(l), then 
A^ G a}^/W. Moreover vr G G(l) is tempered, if vr is unitarily induced from the minimal 
parabolic subgroup P = NA. In this case we have A,r £ ia* /W. So (12.181) can be rewritten 

as 



(2.20) E^W = ^n^/ mdx + o{e-'), t 



oo. 
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3. AUTOMORPHIC FORMS 



The theory of automorphic forms is concerned with harmonic analysis on locally sym- 
metric spaces r\S of finite volume. Of particular interest are arithmetic groups F. This 
means that we consider a connected semi-simple algebraic group G defined over Q such that 
G = G(M) and F is a subgroup of G(Q) which is commensurable with G(Z), where G(Z) is 
defined with respect to some embedding G C GL(m). The standard example is G = SL(n) 
and F(A^) C SL(n, Z) the principal congruence subgroup of level N. A basic feature of 
arithmetic groups is that the quotient r\S has finite volume [BH]. Moreover in many 
important cases it is non-compact. A typical example for that is F(A^)\ SL(ri, M)/ S0(?2). 

In this section we discuss only the case of the upper half-plane EI and we consider con- 
gruence subgroups of SL(2, Z). For > 1 the principal congruence subgroup F(A^) of level 
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is defined as 



r(A^) = {7 e SL(2,Z): 7 = Id mod A^}. 

A congruence subgroup T of SL(2, Z) is a subgroup for which there exists N & N such that 
r contains r(A^). An example of a congruence subgroup is the Hecke group 

Tq{N) = !^(^^ G SL(2,Z): c^O mod A^ 

If r is torsion free, the quotient r\EI is a finite area, non-compact, hyperbolic surface. It 
has a decomposition 

(3.1) r\M = MoUriU---UF^, 

into the union of a compact surface with boundary Mq and a finite number of ends Yi = 
[a, 00) X which are equipped with the Poincare metric. In general, r\EI may have a finite 
number of quotient singularities. The quotient r(A^)\EI is the modular surface X{N). 

Let A be the hyperbolic Laplacian fl2.2p . A Maass automorphic form is a smooth function 
/ : EI ^ C which satisfies 

a) fM = f{z), 7 e r. 

b) There exists A G C such that A/ = A/. 

c) / is slowly increasing. 

Here the last condition means that there exist C > and A^ G N such that the restriction 
fi of / to Yi satisfies 

\fi{y,x)\ <Cy^ , ?/ > a, 2 = 1, ...,m. 

Examples are the Eisenstein series. Let G M U {00} be representatives of the 

F-conjugacy classes of parabolic fixed points of F. The a^'s are called cusps. For each 
let be the stabilizer of in F. Choose ai G SL(2,]R) such that 

aAoo) = tti, cr,~^Fa,cri = <| ( ^ ^ ] : n E Z 



1^ 

Then the Eisenstein series Ei{z, s) associated to the cusp is defined as 
(3.2) E,{z,s)= J2 Im(ari72)^ Re(s) > 1. 

The series converges absolutely and uniformly on compact subsets of the half-plane Re(s) > 
1 and it satisfies the following properties. 

1) Ei{-^z, s) = Ei{z, s) for all 7 G F. 

2) As a function of s, Ei{z, s) admits a meromorphic continuation to C which is regular 
on the line Re(s) = 1/2. 

3) Ei{z, s) is a smooth function of z and satisfies A^Ei^z, s) = s(l — s)Ei{z, s). 
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As example consider the modular group r(l) which has a single cusp oo. The Eisenstein 
series attached to oo is the well-known series 

E{z,s)= y . — 

^ — ^ \mz + nr^ 

{m,n)(^I? 
(m,ra)=l 

In the general case, the Eisenstein series were first studied by Selberg jSelj . The Eisenstein 
series are closely related with the study of the spectral resolution of A. Regarded as 
unbounded operator 

A: C~(r\H) ^ L2(r\H), 

A is essentially self-adjoint |Roe] . Let A be the unique self-adjoint extension of A. The 
important new feature due to the non-compactness of r\E[ is that A has a large continuous 
spectrum which is governed by the Eisenstein series. The following basic result is due to 
Roelcke [Roe]. 

Proposition 3.1. The spectrum of A is the union of a pure point spectrum (jpp(A) and 
an absolutely continuous spectrum (Jac(A). 

1) The pure point spectrum consists of eigenvalues = Aq < Ai < ■ ■ • of finite multiplicities 
with no finite points of accumulation. 

2) The absolutely continuous spectrum equals [1/4, oo) with multiplicity equal to the number 
of cusps of r\H[. 

Of particular interest are the eigenfunctions of A. They are Maass automorphic forms. 
This can be seen by studying the Fourier expansion of an eigenfunction in the cusps. As 
an example consider / G C°°(ro(iV)\H[) which satisfies 

A/ = A/, f{z)=f{--z), [ \f{z)\'dA{z)<^. 

JTo{N)\m 

Assume that A = 1/4 + r^, r G M. Then f{x + iy) admits a Fourier expansion w.r.t. x of 
the form 

oo 

(3.3) f{x + iy) = a{n)y^Kir{27my) cos(27mx), 

n=l 

where Ky[y) is the modified Bessel function which may be defined by 

K^{y)= e-y'^'^'coshii^t) dt 
Jo 

and it satisfies 

KM + -K'M + f 1 - 41 ^'^(y) = 0- 

y V y J 

Now note that K^{y) = 0{e^'^y) as y oo. This implies that / is rapidly decreasing in 
the cusp oo. A similar Fourier expansion holds in the other cusps. This implies that / 
is rapidly decreasing in all cusps and therefore, it is a Maass automorphic form. In fact, 
since the zero Fourier coefficients vanish in all cusps, / is a Maass cusp form. In general. 
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the space of cusp forms L^^g(r\H) is defined as tlie subspace of all / G L^(r\]HI) such that 
for almost all y G M"*": 

1 

f{<Jk{x + iy)) dx = 0, k = 1, ...,m. 

This is an invariant subspace of A and the restriction of A to L^^j,(r\EI) has pure point 
spectrum, i.e., L^^j,(r\]HI) is the span of square integrable eigenfunctions of A. Let L^^g(r\EI) 
be the orthogonal complement of L^^j,(r\]HI) in L^(r\H). Thus 

L%iT\m) = LUT\m)®LUr\M). 

The subspace L^^g(r\EI) can be described as follows. The poles of the Eisenstein series 
Ei{z,s) in the half-plane Re(s) > 1/2 are all simple and are contained in the interval 
(1/2, 1]. Let So G (1/2, 1] be a pole of Ei{z, s) and put 

-0 = ReSs=soEi{z, s). 

Then ip is a square integrable eigenfunction of A with eigenvalue A = so(l — sq). The 
set of all such residues of the Eisenstein series Ei{z,s), i = l,...,m, spans L^^g(r\EI). 
This is a finite-dimensional space which is called the residual subspace. The corresponding 
eigenvalues form the residual spectrum of A. So we are left with the cuspidal eigenfunctions 
or Maass cusp forms. Cusp forms are the building blocks of the theory of automorphic 
forms. They play an important role in number theory. To illustrate this consider an even 
Maass cusp form / for r(l) with eigenvalue A = l/4 + r^,rGM. Let a{n), n G N, be the 
Fourier coefficients of / given by (13.31) . Put 

^(^'/) = E^' Ms)>i. 

n=l 

This Dirichlet series converges absolutely and uniformly in the half-plane Re(s) > 1. Let 
(3.4) A{s, f) = TT-r r L{s, /). 

Then the modularity of / implies that A(s, /) has an analytic continuation to the whole 
complex plane and satisfies the functional equation 

A(s,/) = A(l-s,/) 

[Bui Proposition 1.9.1]. Under additional assumptions on /, the Dirichlet series L[s,f) is 
also an Euler product. This is related to the arithmetic nature of the groups r(iV). The 
surfaces X{N) carry a family of algebraically defined operators T„, the so called Hecke 
operators, which for (n, A^) = 1 are defined by 

ad=n 
b mod d 
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These are closely related to the cosets of the finite index subgroups 

-1 



;)rw(o 



of r(A^). Each Tn defines a linear transformation of L'^{X{N)). The T„, n G N, are a 
commuting family of normal operators which also commute with A. Therefore, each Tn 
leaves the eigenspaces of A invariant. So we may assume that / is a common eigenfunction 
of A and T„, n G N: 

A/=(l/4 + r2)/, TJ = \{n)f. 

If / 7^ 0, then a(l) 7^ 0. So we can normalize / such that a(l) = 1. Then it follows that 
a(n) = A(n) and the Fourier coefficients satisfy the following multiplicative relations 

a{m)a{n) = ^ a . 

d\{rn,n) 

This implies that L(s, /) is an Euler product 



(3.5) L(s, /) = ^ a(n)n- = \{{l- a{p)p-^ + p-'^) , 

n=l p 

which converges for Re(s) > 1. L{s, /) is the basic example of an automorphic L-function. 
It is convenient to write this Euler product in a different way. Introduce roots ap,f3p by 

ap(3p = l, ap + (3p = a{p). 



Let 



Then 



Ap 



ap 



Pp, 

LisJ) = l[det {ld~App-^)-\ 



Now let p: GL(2,C) GL(A^, C) be a representation. Then we can form a new Euler 
product by 

L{sJ,p) = l[det {ld-p{Ap)p-^)-\ 

p 

which converges in some half-plane. It is part of the general conjectures of Langlands 
|La2j that each of these Euler products admits a meromorphic extension to C and satisfies 
a functional equation. The construction of Euler products for Maass cusp forms can be 
extended to other groups G, in particular to cusp forms on GL(n). It is also conjectured 
that L{s, /, p) is an automorphic L-function of an automorphic form on some GL(r;,). This 
is part of the functoriality principle of Langlands. Furthermore, all L-functions that occur 
in number theory and algebraic geometry are expected to be automorphic L-functions. This 
is one of the main reasons for the interest in the study of cusp forms. Other applications 
are discussed in |Salj . 
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4. The Weyl law and existence of cusp forms 

Since r(A^)\H is not compact, it is not clear that there exist any eigenvalues A > 0. 
By Proposition 13.11 the continuous spectrum of A equals [1/4, cxd). Thus all eigenvalues 
A > 1/4 are embedded in the continuous spectrum. It is well-known in mathematical 
physics, that embedded eigenvalues are unstable under perturbations and therefore, are 
difficult to study. 

One of the basic tools to study the cuspidal spectrum is the Selberg trace formula |Se2] . 
The new terms in the trace formula, which are due to the non-compactness of r\EI arise 
from the parabolic conjugacy classes in F and the Eisenstein series. The contribution of 
the Eisenstein series is given by their zeroth Fourier coefficients of the Fourier expansion 
in the cusps. The zeroth Fourier coefficient of the Eisenstein series Ek{z, s) in the cusp a; 
is given by 

fi 

Ek{(ri{x + iy), s) dx = y^ + Cki{s)y^~% 





where Cki{s) is a meromorphic function of s G C Put 

This is the so called scattering matrix. Let 

:= detC(s). 

Let the notation be as in (12. 4p and assume that F has no torsion. Then the trace formula 
is the following identity. 

-gm) 



i 4vr h w,2sinh( 

1 pCO if -1 

(4-1) +— / /i(r)^(l/2 + zr) c/r- -0(l/2)/i(O) 

/ h{r) — {l+ir)dr + —h{Q)-m\\i2g{<d). 

'^'^ J ~oo r 4 

The trace formula holds for every discrete subgroup F C SL(2, M) with finite coarea. In 
analogy to the counting function of the eigenvalues we introduce the winding number 

Mr(A) = --^ / ^(1/2 + ir) dr 



47r 



A 



which measures the continuous spectrum. Using the cut-off Laplacian of Lax-Phillips |CVj 
one can deduce the following elementary bounds 

(4.2) Nt{X) < A^ Mr(A) < A^, A > 1. 

These bounds imply that the trace formula (14. II) holds for a larger class of functions. 
In particular, it can be applied to the heat kernel kt{u). Its spherical Fourier transform 
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equals ht{r) = e t > 0. If we insert ht into the trace formula we get the following 

asymptotic expansion as t — 0. 

y e-*^^ - — f e-*(i/4+'-')^(l/2 + zr) dr 
(4.3) ' 

Area(r\e) alogt h , 

for certain constants a, 6 G R. Using [Se2l (8.8), (8.9)] it follows that the winding number 
Mr (A) is monotonic increasing for r ^ 0. Therefore we can apply a Tauberian theorem to 
fOD and we get the Weyl law fOD . 

In general, we cannot estimate separately the counting function and the winding number. 
For congruence subgroups, however, the entries of the scattering matrix can be expressed 
in terms of well-known analytic functions. For r(A^) the determinant of the scattering 
matrix 0(s) has been computed by Huxley [Huj . It has the form 

A 

where /c, / G Z, A > 0, the product runs over Dirichlet characters x to some modulus 
dividing and L{s,x) is the Dirichlet L-function with character x- Especially for r(l) 
we have 

(4,5) ^W = v^F'-'-^/2'«2-'-^' 



r(.5)c(2s) 

where ({s) denotes the Riemann zeta function. 

Using Stirling's approximation formula to estimate the logarithmic derivative of the 
Gamma function and standard estimations for the logarithmic derivative of Dirichlet L- 
functions on the line Re(s) = 1 \Pt\ Theormem 7.1], we get 

(4.6) — (1/2 + ir) = 0(log(4+ |r|)), Irl ^ oo. 
This implies that 

(4.7) Mr(iv)(A) < AlogA. 

Together with (11.41) we obtain Weyl's law for the point spectrum 

. X .X Area(X(A^)) , 
4.8 NriN) A T^^^ > ^ ^ 

which is due to Selberg |Se2l p. 668]. A similar formula holds for other congruence groups 
such as ro(A^). In particular, (14.81) implies that for congruence groups F there exist infin- 
itely many linearly independent Maass cusp forms. 
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A proof of the Weyl law (14.81) which avoids the use of the constant terms of the Eisenstein 
series has recently been given by Lindenstrauss and Venkatesh |LVj . Their approach is 
based on the construction of convolution operators with purely cuspidal image. 

Neither of these methods give good estimates of the remainder term. One approach to 
obtain estimates of the remainder term is based on the Selberg zeta function 

oo 

Zr{s)=l[l[{l-e~^^^'^^'^^^), Re{s)>l, 

{7}r k=0 

where the outer product runs over the primitive hyperbolic conjugacy classes in F and £(7) 
is the length of the closed geodesic associated to {7}r- The infinite product converges 
absolutely in the indicated half-plane and admits an analytic continuation to the whole 
complex plane. IfA = l/4 + r^, rGMU i(l/2, 1], is an eigenvalue of A, then Sq = 1/2 + ir 
is a zero of Zy{s). Using this fact and standard methods of analytic number theory one 
can derive the following strong form of the Weyl law Hj , Theorem 2.28], [Ve' Theorem 
7.3]. 

Theorem 4.1. Let m be the number of cusps o/r\HI. There exists c > such that 
iVr(A) + Mr(A) = ^^^yW) ^^ _ log A + cA + O (A(log X)-') 

as X ^ 00. 

Together with (14. 7p we obtain Weyl's law with remainder term. 
Theorem 4.2. For every N we have 

/Vr,«,(A) = ^i5^tm,. + o(AlogA) 

as X ^ 00. 

The use of the Selberg zeta function to estimate the remainder term is limited to rank one 
cases. However, the remainder term can also be estimated by Hormander's method using 
the trace formula as in the compact case. We describe the main steps. Let e > such that 
£(7) > e for all hyperbolic conjugacy classes {7}r(Ar)- Choose g G C^(]R) to be even and 
such that supp^f C {—e,e). Let h{z) = J^g{r)e~''^^ dr. Then the hyperbohc contribution 
in the trace formula (14.11) drops out. We symmetrize the spectrum by r_j = — r^, j G N. 
Then for each t G M we have 

hit - rj) = ^^^^(^(^)) f h{t -r)rtanh{TTr) dr 

(4.9) + — / h{t- r)^(l/2 + zr) dr - -0(l/2)/i(t) 

^TT (p 2 

m r , , , r' , , , m , 



TT 



/■°° r' m 

I h{t - r) — (1 + ir)dr + —h{t) - 2m In 2 g{0). 
J-00 ^ 2. 
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Now we need to estimate the behavior of the terms on the right hand side as \t\ oo. 
The first integral has been aheady considered in (12. 7p . It is of order 0(|t|). To deal with 
the second integral we use (14. 6p . This implies 



(4.10) h{t-r)^{l/2 + ir) dr = 0{\og{\t\)), |t| ^ oo. 

Using Stirling's formula we get 

f V 

/ h{t-r) — {l + ir)dr = 0{\og{\t\)), |t| ^ oo. 

The remaining terms are bounded. Combining these estimations, we get 

J2hit-r,) = 0i\t\), |t|^oo. 
j 

Therefore, Lemma [2.21 holds also in the present case. It remains to establish the analog of 
Lemma [231 Using ([2710]) and (gj]) we get 

(4.11) / [ h{t-r) — {1/2 + it) drdt = 0{X\ogX). 

J-x Jr 9 

Similarly, using Stirling's formula and (12.101) . we obtain 

(4.12) f [ h{t-r)^ {1 + it) drdt = {WogX). 

J-x Jr r 

The integral of the remaining terms is of order 0(A). Thus we obtain 

(4.13) I' h{t - r,) dt = + O(AlogA) 



as A — 5> oo. Now we proceed in exactly the same way as in the compact case. Using Lemma 
[Q and (Km , Theorem follows. □ 

The Weyl law shows that for congruence groups Maass cusp forms exist in abundance. 
In general very little is known. Let F be any discrete, co-finite subgroup of SL(2, M). Then 
by Donnelly |Doj the following general bound is known 

A^f"^(A) Area(r\H) 
limsup < . 

A^oo A 47r 

A group r for which the equality is attained is called essentially cuspidal by Sarnak |Sa2j . 
By (14.81) . r(A^) is essentially cuspidal. The study of the behavior of eigenvalues under 
deformations of F, initiated Phillips and Sarnak |PS1] . |PS2j . supports the conjecture that 
essential cuspidality may be limited to special arithmetic groups. 

The consideration of the behavior of cuspidal eigenvalues under deformations was started 
by Colin de Verdiere [CVj in the more general context of metric perturbations. One of his 
main results |CV| Theoreme 7] states that under a generic compactly supported conformal 
perturbation of the hyperbolic metric of F\E[ all Maass cusp forms are dissolved. This 
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means that each point Sj = 1/2 + irj, Vj G M, such that Xj = Sj{l — Sj) is an eigenvalue 
moves under the perturbation into the half-plane Re(s) < 1/2 and becomes a pole of the 
scattering matrix C{s). 

In the present context we are only interested in deformations such that the curvature 
stays constant. Such deformations are given by curves in the Teichmiiller space T{r) of 
r. The space T(r) is known to be a finite-dimensional and therefore, it is by no means 
clear that the results of [CVj will continue to hold for perturbations of this restricted type. 
For r(A^) this problem has been studied in [PSlj . |PS2j . One of the main results is an 
analog of Fermi's golden rule which gives a sufficient condition for a cusp form of r(A^) to 
be dissolved under a deformation in T(T{N)). Based on these results, Sarnak made the 
following conjecture |Sa2] : 

Conjecture. 

(a) The generic T in a given Teichmiiller space of finite area hyperbolic surfaces is not 
essentially cuspidal. 

(b) Except for the Teichmiiller space of the once punctured torus, the generic F has 
only finitely many eigenvalues. 

5. Higher rank 

In this section we consider an arbitrary locally symmetric space r\S defined by an arith- 
metic subgroup F C G(Q), where G is a semi-simple algebraic group over Q with finite 
center, G = G(R) and S = G/K. The basic example will be G = SL(n) and F = F(A^), 
the principal congruence subgroup of SL(r;,, Z) of level which consists of all 7 G SL(n, Z) 
such that 7 = Id mod A^. 

Let A be the Laplacian of T\S, and let A be the closure of A in L^. Then A is a non- 
negative self-adjoint operator in L'^{r\S). The properties of its spectral resolution can be 
derived from the known structure of the spectral resolution of the regular representation Rr 
of G on L^(F\G) [Lalj . jBGj . In this way we get the following generalization of Proposition 

Proposition 5.1. The spectrum of A is the union of a point spectrum app{A) and an 
absolutely continuous spectrum (Jac(A). 

1 ) The point spectrum consists of eigenvalues = Aq < Ai < ■ ■ ■ of finite multiplicities 
with no finite point of accumulation. 

2) The absolutely continuous spectrum equals [6, 00) for some b > 0. 

The theory of Eisenstein series jLalj provides a complete set of generalized eigenfunctions 
for A. The corresponding wave packets span the absolutely continuous subspace L'^(T\S). 
This allows us to determine the constant b explicitly in terms of the root structure. The 
statement about the point spectrum was proved in |BG^ Theorem 5.5]. 

Let Ll^^(T\S) be the closure of the span of all eigenfunctions. It contains the subspace 
of cusp forms Ll^^(T\S). We recall its definition. Let P C G be a parabolic subgroup 
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defined over Q [Bo] . Let P = P(M). This is a cuspidal parabolic subgroup of G and all 
cuspidal parabolic subgroups arise in this way. Let Np be the unipotent radical of P and 
let Np = Np(M). Then Np fl T\Np is compact. A cusp form is a smooth function on 
r\S which is a joint eigenfunction of the ring 'D{S) of invariant differential operators on 
S, and which satisfies 

(5.1) / (f){nx) dn = 

JNpnrXNp 

for all cuspidal parabolic subgroups P ^ G. Each cusp form is rapidly decreasing and 
hence square integrable. Let L'^^^(T\S) be the closure in L'^(T\S) of the linear span of all 
cusp forms. Then L'^^^(T\S) is an invariant subspace of A which is contained in Ll^^(T\S). 

Let L'^^^{T\S) be the orthogonal complement of ^^^^{T\S) in Ll.^{T\S), i.e., we have an 
orthogonal decomposition 

LUr\S) = LUT\S)®LUT\S). 

It follows from Langlands's theory of Eisenstein systems that L'^^^{r\S) is spanned by 
iterated residues of cuspidal Eisenstein series |LaH Chapter 7]. Therefore L'^^^(T\S) is 
called the residual subspace. 

Let A^p'^(A), A^p"''(A), and A^f°^(A) be the counting function of the eigenvalues with eigen- 
functions belonging to the corresponding subspaces. The following general results about 
the growth of the counting functions are known for any lattice F in a real semi-simple Lie 



group. Let n = dimS*. Donnelly [Do] has proved the following bound for the cuspidal 
spectrum 

r vol(r\5) 
(5.2) limsup — r < 



A" - (47r)"/2r (f + 1) ' 

where T{s) denotes the Gamma function. For the full discrete spectrum, we have at least 
an upper bound for the growth of the counting function. The main result of [Mu2] states 
that 

(5.3) Ar^J-(A) < (1 + A^"). 

This result implies that invariant integral operators are trace class on the discrete subspace 
which is the starting point for the trace formula. The proof of (15. 3p relies on the descrip- 
tion of the residual subspace in terms of iterated residues of Eisenstein series. One actually 
expects that the growth of the residual spectrum is of lower order than the cuspidal spec- 
trum. For SL(n) the residual spectrum has been determined by Moeglin and Waldspurger 
pW] . Combined with it follows that for G = SL(ra) we have 

(5.4) iV-(^^)(A)«A'^"\ 

where d = dimSL(n, M)/ SO(n). 

In |Sa2j Sarnak conjectured that if rank(G'/i^) > 1, each irreducible lattice F in G is 
essentially cuspidal in the sense that Weyl's law holds for A^p"*'(A), i.e., equality holds in 
(15. 2p . This conjecture has now been established in quite generality. A. Reznikov proved it 



22 



WERNER MULLER 



for congruence groups in a group G of real rank one, S. Miller [Mij proved it for G = SL(3) 
and r = SL(3, Z), the author [Mu3j established it for G = SL(r;,) and a congruence group 
r. The method of |Mu3] is an extension of the heat equation method described in the 
previous section for the case of the upper half-plane. More recently, Lindenstrauss and 
Venkatesh [LVj proved the following result. 

Theorem 5.2. Let G he a split adjoint semi-simple group over Q and let T C G(Q) he a 
congruence suhgroup. Let n = dim S. Then 

r ^ ' (47r)"/2r (f + 1) ' 

The method is based on the construction of convolution operators with pure cuspidal 
image. It avoids the delicate estimates of the contributions of the Eisenstein series to the 
trace formula. This proves existence of many cusp forms for these groups. 

The next problem is to estimate the remainder term. For G = SL(n), this problem has 
been studied by E. Lapid and the author in |LM] . Actually, we consider not only the 
cuspidal spectrum of the Laplacian, but the cuspidal spectrum of the whole algebra of 
invariant differential operators. 

As ^^(5") preserves the space of cusp forms, we can proceed as in the compact case and 
decompose L'^^^^(T\S) into joint eigenspaces of V^S). Given A G a^/W, let 

^cus(A) = {ipe LUT\S):Dip = xxiD)if, D G 

be the associated eigenspace. Each eigenspace is finite-dimensional. Let m(A) = £^cus(A). 
Define the cuspidal spectrum A(.us(r) to be 

AU^) = {\eayW: m(A) >0}. 

Then we have an orthogonal direct sum decomposition 

AeAcus(r) 

Let the notation be as in (2.18) and (2.19). Then in |LMj we established the following 
extension of main results of |DKVj to congruence quotients of = SL(n,M)/ SO(n). 

Theorem 5.3. Let d = dimS*. Let Q G a* he a hounded domain with piecewise smooth 
houndary. Then for N > 3 we have 

(5.5) Yl ^(^) = "^"^^^1^^^^^ / dX + (t^-^(logt)— (-^)) , 

as t oo, and 



(5.6) Yl rn{\) = O {t"-') , t 



oo. 



AeAcus(r(Ar)) 

AeBt(0)\io* 
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If we apply f l5.5p and (15.61) to the unit ball in a*, we get the following corollary. 

Corollary 5.4. Let G = SL(n) and let T{N) be the principal congruence subgroup of 
SL(n, Z) of level N . Let S = SL{n, M) / S0(?2) and d = dim S . Then for N > 3 we have 

vo\{r{N)\S) 

(47r)'^/2r (f + 1) 



The condition > 3 is imposed for technical reasons. It guarantees that the principal 
congruence subgroup r(A^) is neat in the sense of Borel, and in particular, has no torsion. 
This simplifies the analysis by eliminating the contributions of the non-unipotent conjugacy 
classes in the trace formula. 

Note that Acus(r(A^)) nia* is the cuspidal tempered spherical spectrum. The Ramanujan 
conjecture |Sa3j for GL(n) at the Archimedean place states that 

so that (15. 6p is empty, if the Ramanujan conjecture is true. However, the Ramanujan 
conjecture is far from being proved. Moreover, it is known to be false for other groups G 
and (15.61) is what one can expect in general. 

The method to prove Theorem 15.31 is an extension of the method of |DKV] . The Selberg 
trace formula, which is one of the basic tools in |DK Vj . needs to be replaced by the Arthur 
trace formula |Alj . |A2] . This requires to change the framework and to work with the 
adelic setting. It is also convenient to replace SL(n) by GL(n). 

Again, one of the main issues is to estimate the terms in the trace formula which are 
associated to Eisenstein series. Roughly speaking, these terms are a sum of integrals which 
generalize the integral 

/ h{r) — {1/2 + ir) dr 

J-oo 4> 

in (14.11) . The sum is running over Levi components of parabolic subgroups and square 
integrable automorphic forms on a given Levi component. The functions which generalize 
(j){s) are obtained from the constant terms of Eisenstein series. In general, they are difficult 
to describe. The main ingredients are logarithmic derivatives of automorphic L-functions 
associated to automorphic forms on the Levi components. As example consider G = SL(3), 
r = SL(3, Z), and a standard maximal parabolic subgroup P which has the form 

mi X 



m2 



rrii G GL(?2j, M), det mi ■ det m2 = 1 



with ni + n2 = 3. Thus there are exactly two standard maximal parabolic subgroups. The 
standard Levi component of P is 

mi 



m2 



rrii G GL(nj,]R), det mi ■ det m2 = 1 



So L is isomorphic to GL(2,M). The Eisenstein series are associated to Maass cusp forms 
on r(l)\EI. The constant terms of the Eisenstein series are described in |Got Proposition 
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10.11.2]. Let / be a Maass cusp form for r(l) and let A(s, /) be the completed L-function 
of / defined by fl3.4p . Then the relevant constant term of the Eisenstein series associated 
to / is given by 

A(^,/) 

To proceed one needs a bound similar to (14. 6p . Assume that A/ = (1/4 + r'^)f. Using the 
analytic properties of A(s, /) one can show that for T > 1 

(5.7) X^^ + ^ + 

This is the key result that is needed to deal with the contribution of the Eisenstein series 
to the trace formula. 

The example demonstrates a general feature of spectral theory on locally symmetric 
spaces. Harmonic analysis on higher rank spaces requires the knowledge of the analytic 
properties of automorphic L-functions attached to cusp forms on lower rank groups. For 
GL{n), the corresponding L-functions are Rankin-Selberg convolutions L(s, 0i x ^2) of 
automorphic cusp forms on GL(nj), i = 1,2, where ni + n2 = n (cf. |Bu] . |Go] for 
their definition). The analytic properties of these L-functions are well understood so that 
estimates similar to (15. 7p can be established. For other groups G (except for some low 
dimensional cases) our current knowledge of the analytic properties of the corresponding 
L-functions is not sufficient to prove estimates like (15.70 . Only partial results exist |CPSj . 
This is one of the main obstacles to extend Theorem 15.31 to other groups. 
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